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1. INTRODUCTION
We consider the equation
− div
(
ρ
(x
ε
)
Duε
)
+ uε = f on  ⊂ Rn
 (1.1)
with Dirichlet boundary data where f ∈ C∞0 Rn
 ρ ≥ 0 is periodic relative
to the cube  = 
−1
 1n
 ρ ∈ L1, ρ−1 ∈ L1 and  is a bounded
domain. If ρ is bounded between two positive constants, we know from the
homogenization theory (see, e.g., [1, 3, 6]) that the weak solution uε of
(1.1) in the classical Sobolev space W = W 1
 20  converges in L2 to a
function u as ε→ 0. Here, u is the weak solution in W of the corresponding
homogenized problem of the form
−div
(
AhomDu
)
+ u = f on 

for some constant matrix Ahom > 0
 called the effective conductivity.
In the above procedure we can certainly replace W 1
 20  by the space
H = H10 (= completion of C∞0  in W 1
20 ), since these spaces are
equal according to the famous result of Meyers and Serrin [9]. When ρ
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or ρ−1 degenerates we get a more delicate situation and we must consider
weak solutions of weighted Sobolev spaces. The weighted analogues of W
and H are deﬁned as follows:
• W = W 1
 20 
ρdx is the completion of W 1
 1 with respect to
the energy norm  · ρ given by u2ρ =
∫
ρDu2 + u2dx

• H = H10
ρdx is the closure of C∞0  in W .
Note that by the inequality
∫

Dudx ≤
( ∫

ρ−1dx
)1/2( ∫

ρDu2dx
)1/2
≤ Cuρ

it follows that
W
1
 2
0 
ρdx =
{
u ∈ W 1
 10 
 uρ <∞
}

For these generalizations the identity H = W is not always valid (!) (exam-
ples can be found in [2] and [5]). The H solutions and W solutions of (1.1)
may therefore be different. From a variational point of view this means that
min
u∈W
∫

ρDu2 + u2 − 2fudx < min
u∈H
∫

ρDu2 + u2 − 2fudx
This is called the Lavrentiev phenomenon. It also turns out that we obtain
one homogenized equation for H solutions and another for W solutions,
with corresponding effective conductivities AhomH and A
hom
W , respectively.
The ﬁrst example for which AhomH = AhomW was constructed in [5]. In this
paper we present a more simple example of this striking phenomenon.
2. PRELIMINARY RESULTS
Let us consider the spaces of periodic functions Wper = Wper
 ρdx and
Hper = Hper
 ρdx These spaces are formulated analogously as the case
for the entire space. More precisely,
Wper =
{
u ∈ W 1
 1per 

∫

(
ρDu2 + u2)dx <∞
}


Hper =
{
C∞per in Wper
}


where W 1
 1per  and C∞per are the usual spaces of -periodic functions
in W 1
 1 and C∞, respectively. Let ρεx = ρx/ε. Recall that uε is
a W solution of (1.1) if uε ∈ W 1
 2
ρεdx and the integral identity∫

ρεDuεDφ+ uφdx =
∫

fφdx (2.1)
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holds for all φ ∈ W 1
 2
ρεdx. In a similar way uε is a H solution of
(1.1) if uε ∈ H1
 2
ρεdx and (2.1) holds for all φ ∈ C∞0 . Existence
and uniqueness of W solutions and H solutions are clear from the Riesz
representation theorem. Let K = W or K = H. According to [5] (see also
[4]) we have that the K solutions uε of (1.1) converge to some u in L2,
where u is the weak solution in W 1
 20  of the homogenized problem
−divAhomK Du + u = f on 

where
ξ ·AhomK ξ =
1
 infw∈Kper
∫

ρξ +Dw2dx
Thus,
ξ ·AhomW ξ =
1
 minw∈Wper
∫

ρξ +Dw2dx
and
ξ ·AhomH ξ =
1
 infw∈C∞per
∫

ρξ +Dw2dx
3. A SIMPLE EXAMPLE
We consider the structure of chessboard-type containing circles. Let
k > 0. The conductivity ρr takes values as speciﬁed in Fig. 1, where r
denotes the distance from the center of the circle and
ar = rα 0 < α < 2 or ar =
(
ln
2
r
)−α
α > 1
FIG. 1. Illustration of the structure of .
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We are now going to prove that
ξ ·AhomW ξ ≤ βkξ2
 (3.1)
ξ ·AhomH ξ ≥ β′k−1ξ2
 (3.2)
for some positive constants β and β′. So, if k → 0, then AhomW → 0 and
AhomH →∞.
We let the square  (illustrated in the right side of Fig. 1) be divided into
four parts, denoted by Q1, Q2, Q3, and Q4 (Fig. 2). For the proof of the ﬁrst
inequality (3.1) we let ux = −ξ1u1x − ξ2u2x such that u ∈ W 1
 1per ,
Du = −ξ on Q1 ∪Q3. It is enough to construct u1 and u2 independently;
e.g., we can deﬁne u1 and u2 by
u1x =


x1 on Q1
2 + x1 + ϕ1 on Q2
2 + x1 on Q3
x1 + ψ1 on Q4

 u2x =


x2 on Q1
x2 + ϕ2 on Q2
2 + x2 on Q3
2 + x2 + ψ2 on Q4
where ϕi and ψi have boundary conditions according to Fig. 2. Moreover,
the functions ϕi and ψi can be given in the explicit form (see [7] and [8])
ϕ1 =
2x21− x21+ x1
x1 − x21− x2

 ψ1 =
−2x21− x11+ x2
x1 − x21+ x2
ϕ2 =
−2x11− x21+ x1
x2 − x11+ x1

 ψ2 =
2x11− x11+ x2
x2 − x11− x1

Hence ∫

(
ρxDu2 + u2)dx <∞

and therefore u ∈ Wper. Accordingly,
ξ ·AhomW ξ ≤
1

∫

ρξ +Du2dx
= 1
∫
Q2∪Q4
ρξ +Du2dx ≤ βkξ2
for some constant β.
FIG. 2. The partition of  and boundary conditions for ϕi and ψi.
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Next, we prove (3.2). Since solenoidal vector ﬁelds in R2 are obtained
from potential vector ﬁelds rotated by π/2
 we can construct a vector ﬁeld
v = η1v1 + η2v2 such that∫

vDϕdx = 0
 ∀ϕ ∈ C∞per

v = η (η ∈ R2 on Q2 ∪Q4, and
∫

v = 0 and v ∈ L2
 ρ−1. By Young’s
inequality we have that
1
2
∫

ρξ +Dϕ2 dx ≥
∫

ξ +Dϕ · η− vdx− 1
2
∫

ρ−1η− v2 dx
= ξ · η−
∫
Q1∪Q3
1
2
ρ−1η− v2 dx = ξ · η− 1
2
η2kβ1
for all ϕ ∈ C∞per and some positive constant β1. Thus,
ξ ·AhomH ξ = inf
ϕ∈Hper
1

∫

ρξ +Dϕ2 dx = inf
ϕ∈C∞per
1

∫

ρξ +Dϕ2 dx
≥ 2 sup
η∈R2
(
ξ · η− 1
2
η2kβ1
)
= k−1β−11 ξ2

and we obtain (3.2).
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